II CAPITULO II

I“TEGMCIDK PDR PaREI.'ES

En esta seccién veremos un nuevo método para transformar una integral en
otra que sea mads fdcil de evaluar, se conoce como integracidén por partes.
Este método se aplica generalmente a integrandos que contienen un producto
de funciones algebraicas o trascendentes, por ejemplo:

x21nx, xsenx, eX*arctgx, x3yx?-5

La formula de integracién por partes es una consecuencia de la regla del
producto para la diferenciacién:

Sean u vy v funciones derivables de x. En estas condiciones,

d(uv) = udv+vdu
udv = d(uv) -vdu

fudv = fd(uv) - fvdu
fudv = uv - }‘vdu (1)

Esta forma expresa el integrando original en términos de otro integrando
que puede ser méds fdcil de manejar, dependiendo generalmente de nuestra
eleccién de u y dv, para aplicar (I) en la préactica, se separa el
integrando en dos partes; una de ellas se iguala u y la otra, junto con
d«, a dv, (Por esta razén, este método se denomina .integraciém por
partes). Es conveniente tener en cuenta los tres criterios siguientes:

(a) La parte que se iguala a dv debe ser aquella que se pueda integrar
facilmente;

(b) Elegir u como una funcién que se simplifique por derivacidén pero gue
permita que dv se puede integrar;

(d) Tener cuidado en un solo ejercicio, a veces, se tiene que integrar por
partes mds de una vez, o pueda resultar una integral circular (o
reiterada).

Fom DE REIDUGCIDII

Las férmulas de reduccién permiten simplificar el cdlculo cuando se haya
de aplicar la integracidén por partes varias veces consecutivas. En
general, una formula de reduccién es aquella que da lugar a una nueva
integral de la misma forma que la original, pero con un exponente menor.
Una férmula de reduccién es Util si, finalmente, conduce a una integral
que se pueda calcular fadcilmente, algunas de las férmulas mds corrientes
de reduccién son:
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(a)

dx

1
(a?+x?)™ ?[(2m-2)(a31x’)"1 2m-2J (a? x?)nm-1

David Angel Huallata Choque

X “ 2m=-3

dx

]. nea

2w Ray o Xlaex)® . 2wet 2, y2)ym-1 s ]
(B) f(a d;x)du e +2m+1f(a +x3)m-14x , nd'.; 2
u - X 2m-3
“ f (x2 -a?)"® a? [2(2111—2) (x? -ad)r-?t “om-1 (x’-a’}“i] Pomet
2_a2)ym = x(x?-a?)™ _2ma 2 _52)ym-1 .
(D) f{x a?)®dx i T (x2-a?)m-1gx , m=*-1/2
mgax =1l ymgax_ M fom-1gax
(E) fxe dx axa" afx e®*dx
(F) fsen"xdx = - sen“::cosx + m;l sen™3x dx
(G) fcos‘xdx B cos“‘:senx + m;l cos™2x dx
(H) fsen my cosPxdx = sen™!xcog"'x ,n-1 sen ™x cos® 2xdx
m+n m+n
- +1 -
fsen"xcos"xdx - - sen® 1x cos®'x + -1 sen™?xcos®xdx , m+* -n
m+n m+n
(1) fx“senbxdx = - T. cosbx-n--:)—‘fx"‘icosbxdx
m = ..E -E m-1
(J) fx cosbxdx 5 senbx bfx senbx dx
Pnon:.mins R‘EB‘IJEI-TDB
13.
fxcosxdx
Sea: u=x dv = cosxdx
fdv = fcosxdx
du = dx v = genx
fudv = uv-fvdu
fxcosxdx = x-senx-fsenxdx = xsenx- (-cosx) +c = Xsenx+cosx+c
14.
fxsec‘Bxdx
Sea: u=x dv = sec? 3xdx
fdv = fsec’ 3xdx
du = dx v = %tgsx
fudv = uv—fvdu
2 =xX-* l - .-:.I-'.. - X - l
fxsec 3xdx = x 3 tg3x fa tg3xdx 3 tg3x 3 It.g3xd.x
i . TR = X -1
-2 tg 3% 33 Inlsec3xl+c 3 tg3x 5 Inlsec3xl+c
15.
fatccos 2xdx
Sea: u = arccos2x dv = dx
1
du = - ———-2-dx dv = |dx
o s
du = __d.x_ v =X
\/1-4}:’
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farccostdx = arccos2x - x —fx- ——2dx =xa:cc052x—f'—3§—d—x— =X arccos2x - if;gigx—
Vi-ax? 1/1 ax? 47 1 -ax?
= xarccos2x - % 2 /T-4x% +¢ = xarccos2x - "E Ji-ax?
16
farctagxdx
Sea: u = arctagx dv =
du = —1 _dx fdv fdx
1+x2
du = dx v =
1+x?
Iudv = uv-fvdu
_ s PR - _f xdx _ _ 1 f2xdx
farctagxdx = arctgx x-fx = xarcagx fl o A xarctagx T Tand
= xarctagx - -—;— Inl1 +x2l+¢c = xarctagx - 1n(1 +x2)V2 4+ ¢
= xarctagx—ln-/l +X2+¢
175%
x? JI-xdx
[x? vT=%ax = [x*(1-x)V2dx
Sea: u = x? dv = (1-x)"2ax
fdv = _[(1 -x)/2ax
3
du = 2xdx v--——-{l x) 2

fudv = uv-fvdu

[x? yT=%ax = x’[—% (1-x)3%2] -f—-g; (1 -x)%2-2xdx

=—%x’(l—x)’/3+%fx(1-x)3’3dx R (1)
resolveremos la integral fx (1-x)3¥2gx por partes:
sea: u=x dv = (1-x)32ax
fdv = [(1-x)%2ax
du = dx v=——§-(1-x)5/’

fudv = uv—fvdu

[x@-0%ax =x (-2 (1-x%] - [-2 (1-x% ax
- %x (23-%) %2 « 3[(1 -x)%2ax

21-2 a-%n2)

-__:ﬁ_x(l x)5/a+

b ! 2 5/3___ ) 7/2
= X (1-x) 35 (1 L o B SO B (I1)
reemplazando (II) en (I) '
fx’ JI-Xdx = --%-x’ (1—-x)3/=+% [-%x (1 _x)s,':__-_id,g (1-%)7/2]
Rl fg wyp)dfe . 8. —x)5/z _ _16 ) 7/2
3 X (1 -x) 15 x(1-x) <05 (1-x)

- = /2 1 2. 4 8
2(1-x)32[Lx +15x(1 x)+105(1 x)%] +c

~2(1% x)3/3135x3+28x(1 ;c())s-ra(]_ 2x +x2) Jac
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fx’ VyI-Xdx = _thl_s' (1-%)3/2 (35%2 +28x -28x% + 8 - 16x + 8x2) +cC

. (1-x%)3/2 (15%2 +12x +8) +C

105
18.
Xxe*dx
(1+x)?
’(‘1—9:;% -fxe"(l-rx)"dx
Sea: u=xe* dv = (1+x%)"2dx
du = (e*+xe*)dx Idv=f(1+x)"dx
du = (1+x)e*dx v=-(1+x)"1

fudv = uv-fvdu

xeXdx e X =1 +x)"%] _f_ (1+x)-*(1+x)e*dx = - Xxex +Ie!(1+x)dx e xe* +fg"dx

(1+x)2 1+x 1+x 1+Xx
- B8 x . ~Xxe*+e*(1+x) . ~Xe*+e*+xe* _. %
1+x+° =5 1+X g 1+x e 1+x+c
19.
fxa:rctg‘xdx
fxarctgxdx = farctagx-xdx
sea: u = arctagx dv = xdx
= 1 =
du 1+x2d:x fdv dex
dx 1.2
= ve —X
" 1+x? 2
fudv =uv-fvdu
= ks Vool e 1ok 5 2Pt an
Ixarct:gxdx arctagx 2:: sz R zx arctagx 2I1+x’
= L2 -4 o L = Ly2 -1 if _dx
2:: arctagx 2fn’.:l. 1+x:)dx 2x arctagx 2fdx+ 51—
= %x’axctgx--%x+—;-arctagx+c = -%-(x’-rl)axctgx—%xi-c
20.
fx’e"*"dx
Integrando por partes:
sea: u=x? dv = e ¥*dx
[av =_[e-~"*dx
du = 2xdx v = —%e""

fudv = uv—fvdu

fx’e"‘dx & xz{_%e-n) -I-—}e'“dxdx

= -—%—x’e"‘+%fxe“‘dx TERRERE (I)
Integrando nuevamente por partes la integral fxe"’dx
sea: u=x dv = e **dx
fdv s Ia‘“dx
du = dx ve-Ze

fvdu = uv-fvdu
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-3 o - i -3 = e i -3% 4
fxe *dx = x( 3 e3%) f 3 e dx

=-i -3ix _]_' -3x
Xxe *+ afe dx

3
= -Lxe-xypl (-1 -3x
3 xe +3( 3 e )
I RS e T
3xe 99 ......... (II)
reemplazando (II) en (I)
2a N Ar o tyla My e o e 3 it e dlmwzacax, B oo, 2 _ i
fxe dx = 3 x‘e +3[ 3 xe i 1 3 x’e g xe -
=-%e'“(x3+—§—x+-§-)+c
21,
fsen’xd.x
sen’xdx = [sen?xsenxdx
Integrando por partes:
sea: u = sen?x dv = senxdx
fdv=fsanxdx
du = 2 senxcosxdx Vv = -Co8X

fudv =uv —fvdu

fsen’xdx = gen?x (- cosx) -f— cosx 2 senxcosxdx

-ssn’xcosx-i-zfcos’xsenxdx ~ (1)
resolveremos la integral fcogzxsenxdx por sustitucién

{:os‘x senxdx = | (cosx)?senxdx
cemos el cambio de variable: t = cosx; diferenciando: dt = -senxdx;

despejando senxdx: -dt = senxdx; en consecuencia:
. = 2 (- = - 2 = —t_! = - l 3
fcos x senxdx ft (-dt) ft dt 5 3 t
fcos’xsenxdx = - «%—- (cosx)? = - -%‘- cog*x ..... (11)

reemplazando (II) en (I)

sen’xdx = -sen®xcosx+2(- 2 cos®x) +c = -sen®xcosx - 2 cos’x+c
3

3
22,
fx3senxdx
integrando por partes:
sea: u=x? dv = senxdx
fdv = faenxdx
du = 3x2dx vV = -Cco8SX

fudv = uv-fvdu

fx:‘ senxdx = x3(-cosx) —f— cosx*3x%dx

= -x3cosx + 3fx‘ cosXxadx ...... (I)
Integrando nuevamente por partes la integral fx’ cosx dx
sea: u = x? dv = cosxdx
dv = fcosxdx
du = 2xdx v = senx

fudv =uv -Ivdu
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fx“coaxdx = x2 -aenx-fsenx- 2x dx

= x% senx-zfxaenxdx ...... (I1)
reemplazando (II) en (I)

fx’senxdx = -x%cosx+3 [x’senx-zfxsenxdx]

= -x3cosx +3x? senx-sfxsanxdx ....... (III)
calculando por integracién por partes la integral Ixsenxdx
sea: u=x dv = senxdx

fdv - fsenxdx
du = dx vV = -COBX

fudv =uv —fvdu

fxsenxdx = x (- cosx) -I-cosx-dx
= -xcosx-l-fcoaxdx

= ~—XCOSX+B8€NX «.vsnsss (IV)
reemplazando (IV) en (III)

fx’senxdx = -x3cosx +3x%genx -6 [-xcosx +senx] +c
= -x’ cosx+3x’senx+6xcosx—6sanx+c

23
_xdx

‘[W f(a+bx}1/z fx(a"m)""’dx

Integrando por partes:

sea: u=x dv = (a+bx)12dx
fctv = f(a+bx)~1/=dx
du = dx v-%(aﬂm)”’

fudv = uv-fvd.u

Xxax _..2 /2 _[2 1/2 e 3o = 2 1/2 _ 2 1/2
fa+ = =x* £ (a+bx) fb(a-o-bx) dx = 2 x(a+bx) bf(a-rbx) dx
%x(a-rbx)”’-%'i(ad-bx}’/’i-c = 2(a+bx)1’3[x- 2 (a+bx)] +c
%(a+bx}1[2[ 3bx 23?"‘“) ]+c — 2 T—E[Bbx g: 2bx] +C
o B bx -2a 2 (bx - Za}¢a+ﬁi
bq/ a+Dbx [ 5 l+c = = +C
fx’dx
3+x 2
x?4dx X4dx  _ [y 2 -1/2
[ L e
Integrando por partes: '
sea: u = x2 av = (1+x)Y24ax
av = [(1+x) Y2 ax
du = 2xdx v =2(1+x)1/2
fudv=uv—-fudv
f —= -x3-2(1 +x)1’3—f2(1+x)*""-2xdx

= 2x2(1 +x)1”—4fx(1 +X)V2A% Jiiienee (X)
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integrando por partes la integral jk(1+x)ﬂﬂdx

sea: us=x dv = (1+x)V24dx
fd:v = f{1+x)1f=dx
du = dx v-%(li-x)”‘

fudv = uv-fvdu

fx (1+x)¥24ax = x-—i— (1 +x)3/2 -f—g— (1+x)32.dx
2 x(1+x)%2 —%f(l +x)3/2 dx

3

=2 /2. 2,2 5/2
3 x(1+x) 34 3 (1+x)

-2 32__4 s/2
3x(lﬂr:) 16 (1 +x) ie e, (IT)

reemplazando (II) en (I)
x?dx

= 2%3 1/2 _g[2 x(1+x)¥2- -4 (1+x)52
N 2x2(1 +x) [5x( ) 75 ¢ )%/2]

2x2(1 +x)1/2 - %x(l +x)3/2 - % (1+x)52+¢c

=2(1+x)¥2[x2- %x(l +x) +-1—3§(1 +x)2] +c

2(1 +x) /3] 15x2 -20x (1 +;_{i)5+8(1 +2x + x?) Yo

%ﬁﬂc(15x’-20x-20x3+8+16x+8x3) +C
% (3x%2-4x+8) yT+x+cC

25,
fx arcsenx?dx

fxarcsenx‘dx = Jarcsenx?-xdx
Integrando por partes:

sea: u = arcaeg:’ dv = xdx
2X
i e R dv = [xdx
e fav - [
du = —2X4x v = X x3
!fl_xdr 2
fudv = uv-fvdu
3
fxazcsenx’dx = arcsenx?+ L x2 ——fi x2.2%X4X _ 1 .2, .5enx? —dei-
2 B J’1 +x2 Jl -y
= -%‘-x’a.rcsenx’—-lT —4x"dx %x‘axcsenx‘-r% 2/1-x%+c
= Jl-xz
= -;—x’arcser::txa +—;- Vi-x%+c
26.
fsanxsan3xdx
Integrando por partes:
sea: u = senx dv = sen 3x'dx
fdv = fsenSxdx
du = cosxdx v-—-%—cosht
fudv = uv-—fvdu
fsenxsen:ixd.x = genx(- % cos 3x) -f—%cos 3x-cosxdx
= - % senxcos 3x+%fcosxcos IXAE oiivivs S )
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integrando nuevamente por partes la integral Icogxcoa3xdx

sea: u = cosx dv = sen 3xdx
fdv = faen?.xdx
du = -senxdx v = %coaax

Iudv =Uuv -fvdu

Ir.:osxcos 3xdx = cosx'% sen 3x-f% sen 3x(~-senx dx)

= %’ sen3x cosx + % fsenx Sen3INAX v (I1)

reemplazando (II) en (I)
fsanx sen 3xdx = - % senxcos 3x + —%— [ % sen 3xXxcosx + % fsenx sen3xdx]

fsanx gen3xdx = - % senxcos 3x + % sen3x cosx + % fsenx sen3xdx
!sanx sen3xdx - % senxsen3xdx = - % senxcos 3x + % sen3xcosx +c
(1- %) fsenxsen 3xdx = % sen 3xcosx - % senxcos 3x +cC

% senx sen3xdx = % sen3xcosx——%— senxcos 3x+cC

fsenxseandx = % (% sen3x cosx - % senxcos3x) +c
IBBII.K sen3xdx = —:— gsen3xcosx - % senxcos3x +c

27 !
fsen(lnx) dx
Integrando por partes:

sea: u = gen(lnx) . dv = dx
du-cos(lnx)-;-dx Idv-fdx
du = -%cos(lnx)dx v=Xx

Sudu—f’uav-fvdu

faen(lnx) dx = sen(lnx) °x-fx° %cos(lnx) dx

= xsen(lnx) —fcos(lnx)dx srisiaa CEY
Integrando nuevamente por partes la integral Icos{]_nx) dx
sea: u = cos(1lnx) : dv = dx
du = -sen(lnx)-—i-dx fdv -=fdx
du-—isen(lnx)dx vex

X
J,udv :fuc-‘.v-fvdu
fcos(lnx} dx = cog(lnx) -x-fx [- % gsen (1lnx) dx]
fcos(lnx) dx = xcos(1lnx) +fsen(1nx) B v enwas JEL)

reemplazando (II) en (I) ;
fsen(lnx) dx = xsen(lnx) - [xcos(1lnx) +fsen(1nx) dx]

fsen(lnx) dx = xsen(lnx) -xcos(lnx) -fsen(lnx) dx
!sen(lnx)dxd-fsen(lnx) dx = xsen(lnx) -xcos(lnx) +c
2 |sen(lnx)dx = x [sen(lnx) -cos(lnx) ] +¢c
fsen(lnx)dx = %x [sen(lnx) ~cos(lnx) ] +c
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28.

fe"‘coabxdx

Integrando por partes:

sea: u = e dv = cosbxdx
du = e*-a-dx fdv=fcoahxdx
du = ae®*dx v = %aenbx

judv - uv-fvdu

fe"‘coabxdx = e“-% senbx-f—% senbx+ae®dx

fe“cosbxdx - —% e** genbx - % fe“senbxdx A . |

Integrando nuevamente por partes la integral fa“aanhxdx

sea: u = e2x dv = senbxdx
du = e®*-a+dx fdv=fsenbxctx
du = ae®™dx v-—-:-,cosbx

fudv = uv-fvdu

fe“senhxd.x = @ (- % cos bx) -f- % cosbx-ae®*dx
fe“senbxdx = = %e“cosbx+ —-fe“cosbxdx ...... (II)
reemplazando (II) en (I)
fe“cosbxdx = %e“senbx--— [-3 e“coshx-!-—fe"coskmdx]
fa“cosbxdx = % e"aenbx-l--l-;-z- e“cosbx—-g-—— e®™* cosbxdx

fe“cosbxdx+33- e™cosbxdx = -1-e“senbx+—-a—e“cosbx+c
b3 b b2

(1+ 3—2) fe“cosbxdx = eax (1 senhx+-ga-coabx) +c

bz ”" fe“cosbxdx = g ( bsenbxl;-aacosbx yuse
b?e®* (b senbx +acosbx) ,

fe“cos bxdx = o i g

fe“cosbxdx ~ gu(bsel;,l:::;:cosbx) 7y

Z29.
fe“senbxdx

Integrando por partes:
sea: u = @ dv = senbxdx
du = e*-a-dx fdvzfaenbxdx

du = ae®*dx v-—%cosbx
fudv = uv—fvdu

fe"senbxdx = e (- -— cos bx) -f- = cosbx-ae®*dx
fe“aanbxdx = - %e“coshx-v ——fe“cosbxdx (I)
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Integrando nuevamente por partes la integral feucogbxdx

sea: u = e dv = cosbxdx
du = e*-a-dx fdv=fcoabxdx
du = ae®™dx v = %aenbx

fudv = uv-fvdu

fe“cosbxdx = g¥x. % sen bx —Il senbx-ae®™dx

fa“coshxdx = %e“senbx-—fe“senbxdx ...... (1I1)

reemplazando (II) en (I)
fe"‘aenbxdx = -%e“coadx*-i [ ;e“senbx-—fa“sanbxdx]

fe“senbxdx = ——]'-e“cosbx+—--e“senbx-— e*™ genbxdx
b b? b2
e a? ax IR SN a _ax
Ie senbxdx+—b= fe senbxdx 5 & cosbx + o7 e**genbx +c¢

(1+ ;—:)Ie“senbxdx = e"(-e— senbx - % cosbx) +c

2
Db*+a* +a fe"aenhx(h: = e8%( asenbxbzbcosbx) +C

fe senbxdx = D e (asenbx-bcosbx) .,
b?(b? +a?)
fe“aenbxdx - &*(asenbx-bcosbx) _ .
b?+a?

30. Deducir las formulas de reduccién (A) y (B)

1 X 2m 3 dx
—— I c— » "1
- l‘.(a.’:x’)"‘ a? , (2m-2) (a? xx?)m-1 * f(a 3 x2)m-2 ' -
Demostracién:

dx 1
= dx

I (aztxa)u f (azixl)!
multiplicando dzividiando por a?

dx a 1 s

—_— = —_— | — dx = — | — dx

f {aztxZ)n azf (azixZ)n aaf (aitxZ)l
gumando y restando x? en el numerador

S 1 patanteit . . % a?s+x? x3
(a2+x2)® a2t (a?ix?)n a? (a’:tx’)' (a? + x2?)™
-1 rla?sx?)dx . f
a’ (a? tx’)" {a‘tx’)‘
= f dx 1 fx’—dx
(ai xi)a ‘a: *xn) -1 ( xz)-
,A e O f P Te S P R
a: (&211{3)' -1 ‘az txa)-
resolveremos la integral fi. por partes
(a2 £ x?)™
Xtde x-xdx _fx, xdx
(a? £ x*)™ (a?xx?)™ (a? +x?)®
sea: ol u = Xx; diferenciando; du=dx —
X - M i e
dv = (a2 +x2)™ f(a’tx’)" % (a?+x?)?2

hacemos cambio: z = a?:x?; diferenciando: dz = (0x2x)dx =~ dz = +2xdx;
despejando xdx: 1ﬂ = xdX; en consecuencia:

2
*E (‘ 1)
= 2 = dz = —.. d'x = i -m = i- z_-“l = zZ
wwif _— o~ i s farran eh 2o Bpm vt o
1 1 1
V=2 - V= Fe———— - v =73
-2(m-1) z®"* (2m-2) z®"* (2m-2) (a2 £ x2)™-1

28



David Angel Huallata Choque
fudv =uv -fvdu

_xidx 1 . 1 _
@?zx® = (2m - 2) {a’:x"‘}"-lj I‘ (2m-2) (a2 xx?)"=-1 dx
¥ - 2 & (11)

(2m-2) (a?2x2)®-1 " 2m-2J (a2:x?)®»-1 """

reemplazando (II) en (I)

—ax .1 f  dx Apy x o dx
(a2 xx?)™ ] a_li (a’tdgg:)m-l ; a? (zm-2) (aztxz}r_l 21m—2 {a,“é;)__l
: a? (a‘n;‘)"'l a? (2:::2) (a’:d::::)"i ) a? {2{._2) (,‘3*‘%:)--1
a? (2m-2) (a?+x?)"-! a?/ (a?2x®)"-! a? 2m-2)J (a?a2x?)"-!
T as (2m—2)1(:a31x‘}’“'1 *1-meg) % Tazzx?)"-1
e (2m—2)1(‘a’tx‘)"1 - -zn;mzzl) :2 TnTtd:_T;ﬁ
" ar (2&1-2}?&’::;3)“1 ‘gﬁ :) a’? f'('az—d*:?)?-'f
: i({zm-z)’:a’;x’)"l ’ TZ(Em_zz) Ererrore >
2" (2m-2)(a?xx?)"-1 2m-2J (a?3x?)®-1 « 9.4,

(B) f(a’*x“)‘dx = x(az;:+:;’)" - :::f:f(a’tx‘)"idx ; m+# -1/2
Demostracién:
Integrando por partes:
sea: u= (a2zx?)"™ dv = dx
dx = m(a?2x?)®"? (0 +2x)dx fdv = fdx
du = +2mx(a?+x?)™"1dx v=x

fudv -Mu’—fvdu

f(a’ +x3)udt = (a’tx’)"x—fx* [£2mx(a? +x?)™-1dx]
f(a’ +x2)%dx = x(a?+x?)"F Zme’ (a2 +x?)m-14x

f(a’tx‘)“dx =x(a?+x?)"x2m Md}:
a‘tx’

f(a +x?)m dx-x(a’:x’)":::amf( )(a’:tx‘)"dx

f{a +x?)"dx = x(a’*x‘)“:sz(:tlxa—) (a? £ x?)"dx

f(a tx¥)"dx = x(a?2x)"- 2le(a’;tx"‘)"dx+2ma f—(a t—}\:agjmclx
a X

2mf(a tx‘)‘dx+f(a +x?)"dx = x(a? zx"‘)"-rzma’f(a‘:tx’)'(azixz)'ldx
(2m+1) I(a +x2)0dx = x(a“1x3)'+2m3f(a31x3)"1dx

2 2
f(a’:tx’)“dx = xfzm*:; 3 2m+1 f(azile'“dx 1. q: @ 4.

31. Deducir las férmulas de reduccién (C)-(J).

ek X 2m -3 dx
() f(xz_aa)n a? [ (2m_3) (xz_a:)n-:. 2 2m- 2 (x’—a’)‘"ll !
Demostracién:

m# -1

dx 3 %
f (%2 -a2)m f (x2% -a2)m dx
multiplicando dlvid.lendo por -a?
.- -a’

f(xz_az}n % _azf (xz_az)m aid (x2-al)®
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sumando y restando x? en el numerador

[ --L x-x?-al gy . -1 x2-af \ %% jax
(xa — az)m aa (xz _az)ﬂ aa (x: - az)ll (xa _az)ﬂ
oo 1 p(xt-atyax . 1 x?dx
big i dx L aidE
ai (xz - al)l (-xa =5 ai) " (xz = al)l
T a—— A ————————— 1 TELLLIIIIIIII——=. s a W e eesaEBssees
aaf (x2 -a?)»-1 f(x’-—a’)"‘ (1)
resolveremos la integral f& por partes
(x2-a?)m
x%dx X xdx _fx, xdx
(xz _az)n (x:i _32)1- (xz _aZ)n
sea u = X; diferenciando; du = dx %
= [__Xdx
A s (xa_aara I f{xz_a:)l L 4 f(xz_a:)m

diferenciando:
dz

_hacemos cambio: z =x?-a?;

despejando xdx:
dz
2

dz _ 1[dz

z—l+1

dz = (2x-0)dx

-

= xdx; en consecuencia:

= z'[..-l’

dz = 2xdx;

; !

- 3frnen- 3
1

o[-

2J gnm

gz R 2z

-

vV = -

-m+1

t 20-m-1)]
1

(2m-2) z™"*

(2m - 2) (x%-a?)=-1

fudu‘ =uv -fvdu

x2dx 1

1

(xz _aZ)l - [— (m-z) (xz _az}m-ll
X 1

_f_

(2m-2) (x-a?)m-1  2m-2
reemplazando (II) en (I)

dx

(x

2 _aZ)--—:I.

(Zm-2) (x?-a®)"-1
&

dx

IL =L f___9Ox .1 (-
(xz _aﬂ)l az (xz _aE)I-l ﬂ.’
1 dx

(m_z) (xz_az)--l o 2m-2
X 1

(x2-g2)m-1
dx

-2(m-1) z®"?

1

= aa (xﬂ_ai)n—l
X

+

a? (2m-2) (x?-a?)""! a2 (2m-2)
X +( v . -

2m-2
(1 -2m+ 2
2m-2
+(_2m+3
2m-1
(-[2111-3]

e (2m-2) (x2-a?)m-1
X

T az (2m -2) (x2 -a2)m-1
X

ai (m_z) (xz _ai)l~1
X

(x2-a?)m-1 T

) ai | aane

1 dx
,1 I(xz az)m-1

dx

2m -2
2m-3

T a® (2m-2) (x2 -a2)8-1
x —

dx

a% (2m-2)

a? (2m-2) (x2 -a3)»-1
1 L.2m-3

X

f (x2% -a2)m-1
dx

a? (2m-2) (x?-a?)®"-1 2m-2

ﬁ)m

(xz -a2)m-1

(D) f(x’—a‘)‘dx = xu;:n-al 2m lf{x’ -a?)®-1gx - m# -1/2
Demostracién:
Integrando por partes:
sea: u= (x2-a?)® e
du = m(x*-a?)"! (2x-0)dx [av = [ax

du = 2mx(x2-a?)™1dx

Vve=X

I# du =uv -fvdu

30
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f(x‘ -a?)"dx = (x2-a?)":x -fx- 2mx (x?-a?)"1dx
f(x’ -a?)®dx = x(x? --a’)a'-—mex’(:y:2 -a?)m-1lgx
f(x‘ -a?)"dx = x(x? -a’)"-mex’(x’ -a?)® (x?-a?)-tdx
f(x2 -—a?)"dx = x(x? -a.’)"'-2t|:|f————""ah'c3 ~a%)"® o

xz_ai
2

f<x=—a=)wdx - x(x’-—a’)"-sz( ) (x% -a?)"dx

%3 -a?
[t -anmax = x(x?-at®-2m[(1+ 22 (x? -admax

f(x‘ -a?)"dx = x(x?-a?*" —sz(x‘ --al’li‘clx--211m’f__—_-.--?_("2 —a?)® 4x

xz_az
2mf(x= _az)'deI{X': -az}"dx = x(xz _al}n_zmaZI(xa _az)l (xR _aZ) -14x
(2m+1) f(x’ -a?)"dx = x(x? —a’)‘-zma‘f(x’ -a?)"-1dx

f(x*-a*)"dx . xh;;:ﬂ:)' - 22:?:: f(xz-aﬁ)--ldx . 1.q. q.d.

(E) fx“e“dx = %x‘e“-%fx'"‘e“dx

Demostracién:
Integrando por partes:
sea: u=xm dv = e®*dx
fdv =Ie“dx
du = mx®*dx v = %e“

fudv = uv-fvdu

fx‘e“dx=x'-le“~fie“-mx"‘dx
a a

m o ax =1 mgax_ M fom-1gax
fxedx S x"e afx e dx 1. g. q. a:

(F) fsen‘xdx = -Sen"'xcosx ,m-1 sen™ 2 xdx
m m

Demostracién:
multiplicando y dividiendo por senx:

fsen"'xdx - faen‘x- %dx e fsen'xsen"xsenxdx_ = fsen"‘xaenxdx

Integrando por partes la integral fgen--lxgenxdx

sea: u = sen®™-1x dv = senxdx
du= (m-1)sen™ 1-1x-cosx-dx fdv = fsenxdx
du = (m-1)sen™ ?xcosxdx vV = -CO8SX

fudv = uv-fvdu

Isen‘xdx = gsen™"1x(-cosx) -f— cosx- (m-1)sen™ ?xcosxdx
fsen"xdx = -gen™ !xcosx+ (m-1) [sen® 2xcos?xdx

fsen‘xdx = -sen®™ *xcosx+ (m-1) fsan""x(:l. -sen?x)dx
fsen”xdx = -gen™ lxcosx+ (m-1) faen"‘xdx- (m-1) fsen‘xdx
fsen‘xdx+ (m-1) [sen™xdx = -gsen™ 'xcosx+ (m-1) fsen"‘xdx
(L+m-1) fsen"xdx = -gen™ " 'xcosx+ (m-1) fsen""xdx
m|[sen™xdx = -sen™ 'xcosx+ (m-1) [sen™ ?xdx

-1 -
fsen‘xdx = - Sen” mxcosx - mml sen™ 2?xdx g gs-de
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-1 -
(G) fcoa"xdx = 087 ;senx + mm1 cos™~2x dx

Demostracién:
multiplicando y dividiendo por cosx:

fcos'xdx B fcos'x- %dx = fcoa“xcos"x cosxdx = fcos""xcoaxdx

Integrando por partes la integral fcos"‘xcoaxdx

sea: u = cos® " ix dv = cosxdx
= du = (m-1)cos™ 1-1x: (-genx) *dx fdv = fcosxdx
du = - (m-1)cos™ ?xgenxdx v = genx

fudv = uv—fvdn

fcos‘xdx = cos™"'x- senx—faenx [- (m-1)cos™ 2xsenxdx]
fcoa“xdx = cos® ‘xsgenx + (m-1) fcos‘"xsen’xdx

fcos‘xdx = cos™ xsenx + (m-1) Icos‘"x{l - cos?x)dx
fccs'xdx = cog™ lxgenx + (m-1) fcoa‘"xdx— (m-1) fcoa‘xdx
fcos“xdx+ (m-1) Icos"xdx = cos® xsenx+ (m-1) fcos"‘xdx
(1+m-1) fcos"'xdx = cos™ xsenx+ (m-1) fcos""xdx
mfcos"xdx = cos®™ xsenx+ (m-1) fcos‘"xdx

fcos'xdx = cos"":senx + m;ll fcos"'*xdx 1« Q. g« d.
(H.1) fsan‘xcos“xdx - sen"'xcos" ix | n'lfaen‘xcos“"xdx m# -n
' m+n m+n ’
Demostracidén

Multiplicando y dividiendo por cosx

fsen "% cosx dx = fsen By cos™x + 22X dy =
cosXx

fsen"xcos“xdx = fsen'xcos““xcoaxdx = Jcos®" "lxsen™xcosxdx..... (1)
resolveremos la integral Icogn'lxgan‘xcogxdx por partes

Sea! y=cos”lx - du=(n-1)cos” 1-ix (-senx)dx =~ du = - (n-1)senxcos® ?xdx
dv = sen™x cosxdx -~ dv = |[sen"xcosxdx -~ Vv = f(sanx)'coxdx
hacemos el cambio: 2z = senx; diferenciando: dz = cosx; entonces:

. fz‘dz i & zm+1 (senx)"” sen™*1x

= el v = - vs

m+1 m+1 m+1

sen ®x cos"x cos lx cosxdx

Iud\r= uv—fvdu

m+l m+1
fsen mx cos”xdx = cos® ix- 220X _ [860 _X [_(p-1)genxcos® 2xdx]
m+1 m+1

m+1 n-1 -
fsen'xcos“xdx - 290 T XCO8 X win ) faen""xcoan“zxdx
m+1 m+1
sen™*lxcos® " 1x
m+1
m+1 n-1 =
fsen"xcos“xdx = Sen? xcos?T’x  Dn-1 foonmy (1 -cos?x)cos® 2xdx
m+1 m+1
m+1 -1 = L
fsan'xcosnxdx =200 mxf;)ﬂ" Xy :4_1 [Isen‘xcos““xdx- gsen™xcos® 2*2xydx]
sen"*lxcos”"!x  n-1
m+1 m+1
e m+1 n-1 S
Isen‘xcos“xdx+ 2 1fsen'xcos‘xdx= Sen xcos "X  n-1 sen®™xcos” 3xdx
m+1 m+1 m+1
- m+1 -1 =
(1+ n 1) sen "x costx dx = -2°0 x cos™ X2 -
m+1 m+1 m+1

i m+1 n-1 &
(Mfsen‘xcos“xdx - Ben’” xcos” ' x mn-1 fsen'xcos“"xdx
m+1 m+1 m+1

fsen"x cos’xdx = + ::i fsen"x sen?x cos® ?xdx

f sen "x cos®xdx = sen ™x cos®x dx

sen ™x cos®-3xdx - 2-1
m+1

sen ™x cos® " 2x dx
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m+1 n-1 =
RN lsen"xcosxdx = 280__XCO8 Xx...0 1 gsen ®x cos™ %xdx
m+1 m+1 . m+1
m+1l n-
fsen'xcos“xdt - Bl i S S fsen‘xcos“ 2xdx]
m+n m+1 m+1
m+1 n-1
faan'xcos“xdx i fssn'xcos" ixdx 1. q. g. d.
m+n m-bn
m=1 n+1l =
(H.2) fssn‘xcos‘xdx - - 00 mx+°:5 . B ﬁ”]_; sen™ 2x cos®x dx i me# -n
Demostracidn

multiplicando y dividiendo por senx
Isen By cos®xdx = fsen myx e -:-:::—?’:- *cos”xdx = faen my gen lx senx cos®xdx

fsen“xcos“xdx - fsan“‘xsenxcos"xdx = fsen"lxcos“xsenxdx ....... (1)

resolveremos la integral fgen--lxcognxgenxdx por partes:

u=sen®x - du= (m-1)sen™ !-lxcosxdx -~ du= (m-1)sen™ 2?xcosxdx
v = cos®xsenxdx -~ dv = [cos®xsenxdx -~ v = |(cosx)®senxdx

hacemos el cambio: 2z = cosx; diferenciando: dz = -senxdx
despejando senxdx: -dz = senxdx; en consecuencia

n+l n+1 n+1
v=fz“(-dz) - v='fz"dz -~ vy=-2 - va-JE0BXPET 270, costx

n+1l n+1l n+l

Iudtr-ulr—fvdu

n+l n+l

fsen‘xcos"xdx = gen™ 1x (- _c?+1x) - —-———-—""':"n’*_lx « (m-1)sen™ ?x cosxdx

m-1 n+l %
faen mx cosx dx = - S22 nx+clos X828 faen“‘x cos™*2x dx

m-1 n+1l
Iaen my cosPx dx = - 220 nxffs Xy n+1 fsen‘ 2x cos™x cos?x dx

m-1 +1
fsen mx cosixdx = - 220 nx+cfs" ey n+1 faan"’xcos‘x (1 -sen?x)dx

m-1 m+1
fsen mx cos®x dx = - 220 nxff’ =% :‘ : [faen"’xcos“xdx-Isen"""xcos‘xdx]

m-1 n+1
fsen mx cos®x dx = - S8 nx+c109 L. n+1 Isen"""x cos‘xdx-m—l-fsen‘xcosnxdx

o m=-1 +1
faen'xcoa”xdx+ ;‘+i fsen'xcoa" xdx = - 268 n’icfsn X :+:1L fsen"*xcos“xdx
- % . _sen"lxcos"*x m-1 O
(1+ } gen "x cos®x dx sen™ 2x cos®™x dx
n+i n+1
m-1 n+l o
M sen™x cos®xdx = - 260 "XCO08 "X m 1 sen™ ?x cos®x dx
n+1 n+l1 n+1
m-1 n+1
2:? sen™x cos®xdx = - =20 nxffa - n+1 fsen" 2y cog"x dx
m=-1 +1.

faen'xcos"xdx = n:i [-8en nﬁcloa" = - 31_1 sen™ ?x cos®x dx ]

m-1 n+l
fsen"xcos”xdx » = S00 mxf:s .5 m+nfsan"’xcos"xdx 1aQ. . Qs

(1) fx‘senbxdx = - x—cosbx+—fx‘ 1 cosbx dx

b
Demostracién
Integrando por partes: =S
sea: u=x= dv = senbxdx
du = mx™ 'dx v--—%cosbx

fudv = uv—fvdu
fx"senbxdx = x‘(-% cosbx) -f—%cosbx-mx“‘dx

= ——}-‘b—cosbx+—-— x®-1cosbxdx 1. g.q. 4.
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() fx"cosbxdx = X% genbx - —-“blfx"laenbxdx

b
Demostracién
Integrando por partes:
sea: u=x" dv = cosbxdx
du = mx™"ldx vs= %ssnhx

fudv = uv-fvdu

fx"cosbxdx =xhe. % senbx-f% senbx ‘mx®-1dx

= .}_:: _,E m-1
5 senbx bfx senbx dx 1. q. q. d.

32.
f_dx_
a-x'r ;
Haciendo cambio: x = sen®; diferenciando: dx = cos0d6

f dx - f cos6de i cos0d® _ f_cosBdO _ fcos&dﬂ - [_dé6
(1-%x2%)3 [1- (senB)2]3 (1 -sen?0)? (cos?0)? cog®® cos®0
= 1 da’ secsede IIIIIIIIIIIIII LI B B B B '.I.‘I.l.ll.i.l.l'(I)
cos®0
La integral Igecsﬂdﬂ la resolveremos por partes:
fsec’BdO = fsec”ﬁsec’ﬂdﬂ
sea: u = sec’0 dv = sec?0d0
du = 3 sec’0secOtgfdo v = tgh

fudv = uv-fvdu

fsec58 df = sec®0tgb ~ftgo *3 sec?0 sechb tghdod
fsec’ﬂdﬂ = gsec’0tgh —3faec30tgzed0

fsecss do = sec’0tgb-3 faec’B(sac’O -1)de
fsec’e d® = sec®0tgh -3[(530’6 -sec30)de
fsec’ﬂde = gec?® tg0-3f59c50d0+3fsec’0d0
fsec58d0+3 gec®0d0 = sec?® l:g8+3fsec’8d0
4fsec50d0 = sec’0 tgb +3fsec33d0

fsec%d& = % (sec®0 tghb +3fsec30d6)

fsec’ﬂdﬂ = %sec30tge+%fsec’ﬂd8 seneekTI)
reemplazando (II) en (I)
__dx_-i 3 3 3
f(l-x’)-" 4aec0tgﬂ+‘fsec0d0 san o S E o ve et o (ITT)

resolviendo la integral fgec3ed0 por partes:
fsec30d0= sech sec?0d0

sea: dv = sec?0d6

u = sech

du = secBtgfdo v = tgh
fudv = uv-fvdu

fsec"ﬂ do = secOtgb -Itgﬂ secOtgbdo
faec’ﬂdo = secOtg0 -fsecﬂtgzada
fsec’ﬁ de = secOtgh —fsece(sac’o -1)de
fsec3ﬂ df = secO tgf - f(aec’ﬂ -secO)do
34
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fsec’ﬂdﬂ = secOtgh —fsec’ﬂ de -Isecﬂ do
fsec30d0 +Isec’0 dob = secOtgb +Isecﬂd0
2 fsac’ﬂdo = gsecO tgf + InlsecH + tgbl
fsec’ﬂdo = % [secﬂtge +1nlsecO + tgﬂl] +C

fsec‘-‘ﬁdﬁ = % aecﬂtgei--%lnlsecoi-tgohc s w0y END)
reemplazando (IV) en (III)
1 3 1
f—{'i_—-;-?)_i - Tﬂac’ﬁtgﬂ+— [—secﬂtgﬂ-r— 1n|sacﬁ+tgﬂ|}
= %—sec’ﬁtgﬂ+-—sethgB+—1n|sec0+thl+c ..... (v)
de la grafica obtenemos:
] secl = 1
) 1-X
9( tga- X
@ Jl—x’
1-%%
sustituyendo en (V)
[Z5 - 3y 3R e+ dm| L X e
(1-x2) 4 f-x2 1-x2 88 S1-x? 1-x2 8 1-x2 1-x2
- X % 3x +11nl 1+x e
aJ(A-x7)7yi-x2 s8(f1-x2)2 8 1-x
= X 4 3x +31n 1+x +C
4(1-x2)1-%x% J/1-x7 3(1 x’) 8 -X) (1+X
= p.S & AR +o
4(1-x2) (y1-x7)2 3(1 xz) ,/I—xﬁ[-rx
= % % 3x Alnl 1+x e
4(1-x?)(1-x?) 8(1-x?) 8 (1-x)1/2 (1 +x)1/2
" x 4 Ry . X 2 nl (1+x) (1+x)" 1/2'+c
4(1-—:::)’ 28)(1-::‘} - (1-x)3/2 s
= 2x+3x(1-x 3 (1+x) - 2X+3x-3x3 3 1+Xy1/2
8(L-30%. _, 3 o] (1- x)=”|+ s,tl =) e
n RS IR-——r0T2% 14+x - xA{5'-3%%) 1+x
B(1-x%)2 8 21] 8(1-x%)7 16 0| 32X |+e

330
—_dx
(4 +x32)3/2
dx

/ - [ s [ #{ =
(4 +x2)3/2 J({@+x%)3 (4 +x2) /2 +x? (22 +x2) 27+ %2

Hacemos el cambio: x = 2tg8; diferenciando: dx = 2sec?0d0; entonces:

f dx " f 2 sec?6d6 3 f 2 sec’6dé
(4 +x2)3/2 [2* + (2£g6)21¢27+ (2 £g0)* (4+4tg’0)\/—r4+4tg
I 2 sec?0d46 f sec?0de 1]‘
4(1+tg?0)y/a(1+tg?0) 2 sec?0 m 299‘36
-%fcosﬂdﬂ-%senﬂ-l-c ...... AR S

del grafico tenemos:

$ -
5 e
W X 2
senf = =
@ Jva +x2
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reemplazando en (I)

f dJ‘ =l'—.—x -}(::__._—x +C
(a+x9)72 & rox? 4 Ja+x?

34.
fu -x2)3/2dx

f(a -x32)3/2 = I\/(A_-x’T’dx B fu-x*ms_-:?’dx - f(zhxz)ﬁ’Tx"dx

Hacemos el cambio: x = 2sen®; diferenciando: dx = 2cos0d®; entonces:

[(a-x»¥2ax = [[2- (28en8)?1/27- (2 8enB)? 2 cos 046 = 2 [(4-4 8en?6) /4 -4 8en?0 - cos0d0
= 2[4(1 -gen?0)y/4 (1 -sen?0) cosBdo = chos’o'z Jcos?@ cos0db
= 16Icos38'c090d8 = 16Icos‘0d0 = 16[(coa'0)3d0 = 16![%(1 +cos20)]12d0
= 16_{—]; (L+cos20)2d0 = £5--‘,’(1+2u::c::is204-::4:»5‘20)&!6
-4I(1+2c0520+l(l-rcoséﬂ)}dﬂ-4[[1+2m520+—+%cos¢0]d0
—4[[3+2c0520+-§cos401d0 4 fd8+2fcoszﬂd0—-lfcos40dﬁ]

At sk 1.1 - 3 1
=4[ 20+2 > sen20 + 5% sen40] =4[ 29+sen20+ asen4ﬂ)

= 60+4sen30+%sen40 =60+4-2 senecoaﬂ+-%- sen20cos 20

=60 +8senbcosh +2senb cosb [ cos?0 - sen?@ ]
=60+8sen@cosf +2senBcosb [(cosB)? - (senB)?]
del grafico tenemos

2sgenb = x
2 senf = %
X 0= arcsen-:'-
@ cosf = E

f(d.—x’)”‘dx = Sa:l:cseni;s--’-;---@i-z-E' “"_x [« [4;:{ )2 - (%}’] +C

2
-2 2
=6arcaan%+%x 4-X +-—x|/4_x’[ x -xT]H:

Gaxcsen% +2X W+Ex\/ﬁ’ [4—#] +C
6arcsen%+2xm+%xm [4-72’:2] +C
6a:csen%+2xm+%xm [2(2—;:‘2)] +C
Garcsen% +2x|/4_—_f’+%x{2 -x?) Ja-xT+c
6arcsen%+xﬂ"[z+ 2
Garcsan-—’-;—+x1/4—-a?[#] +c
Sarcsen-azc- ”:W[:LOT—::’] +C

SaJ:csen% +%x(1o—x‘) Vi-x%+c

gD
X Jwe

35

!‘ dx
(x2-16)2
dx

f(x’-lﬁ)’ I(x 2-42)3

Hacemos el cambio: x = 4secB; diferenciando: = 4 secO tge dB entonces:
f - 48ecOtgbd® _ [_4secht ﬂdﬁ I 4 secB tgb de f 4 secBtgfdb
(:n:‘--:ls)3 [(4 secH)? -42]3 (42 sec’ﬂ 4%)3 [42(sec?0-1)]3 (4% -tg?0)3
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1
dx - [485ecOtgfd® _ rsec0d® _ 1 [ cosb VRS cos®0
f (x2-16)2 f f " 1024 f a0

4°tg*e 4°tg*o 4% J gen®0 sen®0 cosb
. coss0
R - cos‘® Sy s cos‘d . 1 N ‘
1024 Igenm 22" TP Jente —san® O° " 1054 f"'tg YeBelab q; (1)

resolveremos la integral fctg‘ﬁcgcadﬂ por partes:
fctg‘ﬂcscedﬂ = [ctg3@ctgbcscBdb

sea: u = ctg?6 dv = cscBctgbde
du = 3ctg?0 (-csc?0)de fdv = fcscﬂctgﬁde
du = -3ctg?0csc?6d6 v = -csch

Iudv = uv—fvdu

fctg‘ecséﬁdo = ctg?0(-cscB) - [ (-cscB) (-3 ctg?Bcsc?0d4h)
'fctg‘ecscedﬁ = —cscﬁctg’ﬁ—af{:sc"ectgzﬁ cscBdo
fctg‘ecacﬂdﬂ = -cscBetgil -3f(1 +ctg?0) ctg?0cscHdb
fctg‘ﬂcscﬂde = -cscBectg?®-3 [ctg?0cscOdb -3 [ctgiBcscBdb
fctg‘ecscada+3fct:g‘0cac0d0 = -cscﬂctg’0-3fctg’0cscﬂd0
4fct:g‘0¢:scﬂd3 = -cscBctg?0 - 3fctg’escsﬂd0

fcl:g‘ﬂ csc0do = - —} cscOctg?O - —i- fc’tg’ll cacaaY . T . (11)

resolveremos la integral fctgzecggeda por partes:
fctg’ﬂ cscBdb = fctgﬂ ctgbcscBdo = fctgﬂ sccBctgbdb

sea: u = ctgb dv = cacBctgfdo
du = -csc?0 v = -csch

fudv = uv—jvdu

fctg‘ﬁcscﬂde = ctgf(-csch) -f{-cscﬂ) (-csc?0)de
fctg’ﬂcacede = —cscﬂctgﬂ-[cac’ﬂcscﬂde

fctg‘ﬂ csc0df = -csclctgh —f(l +ctg?0)cscOdo
fctg’e cscBdO = -cscOctgh -fcscﬂdﬂ—fctg’ﬁ cscBdo
fctg‘ﬂcacﬁde +fctg30 cecBdO = -cscBctgh '-fcscﬂdﬂ
2 [ctg?0cs8cBdB = -cscBcetgh - 1nlcsch -ctgbl

fctgzﬂ cacBdb = - % cscHctgh - % InlcecO-ctgbl ..... (III)
reemplazando (III) en (II)
fctg‘e csc6de = - % cscBetg?0 - % [- -%‘— cscBctgh - % Inlcsc® -ctghl ]
= - % cscOctgif + % cecOctgl + % lnlecscB-ctgbl ... (IV)

reemplazando (IV) en (I)

f(x*ﬁs)a = 10124 [-%cscﬂctg’ﬁ-r—g—cscﬂctgﬁd-%].nlcacﬂ-ctgﬂl] +C
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del gréafico tenemos

4sech =x
X :‘2 secﬂ-%
"‘2‘< aspliy =28
\fx’-—16
e ctgﬂa#
L{ #32-15
/ - [#4 L S B e
(x2-16)° 1024 4 ‘[xz 16 JxZI-16 8 /x*-16 x*-16 B Vx*I-16 x*-16
P [ 64x% 12x +3qpl_x-4 ”
1024 4 xT-T6 (eI Sl a(\/x’-i )2 33 Vx3-16
= =1
1°“[ J:?‘—T(x*—lﬁ)ﬁ’? 2(::’ 16) "8 nl JT‘“‘ETT‘“‘IT:H I]w
T C '_
~ 1024 L 15”,/;5712 2(1:’-16) l ]
. | - 3x 3
~ 1024 (x _15)(33-15) 2(x3 16) B % (x- 4)1”(::4-4)"‘]
el T acplfxe: . 3x + 3 1nlx-4) (x-4)" 1”']
1024 L (x?2-16)? 2(x?-16) 8 (x+4)1/2
-1 [-=32x+3x(x?-16) 31 '(x -4) ﬂD
1024 L 2 (x? ’1512 (x+4)3/2
-1 [ -32x+3x%-48x __ x -4 1,,]
1024 L 2(x?-16)2 nl(x-u-d.} I} +e

.
o [3x 80x _ 3,

1
1024 | 2(x2-16)2 8 2!
Tl ._J_-[x(3x’ 80) , 3 lx-—
1024 2 x2-16 B
. | [x(Bx’ 80) , x-4|]
2048 x2-16 x+4d

36.
I(xz _1)5/3dx

-1)%/2dx = {J_’_x 1S = [(x?-1)2 xT-1dx
Hacamos el camb X = sec diferenciando: dx = sec8tgfbdf; por lo tanto:
I(x2 1)5/2dx = f[(s«a«:ﬂ)’—l]‘| J{secﬁ)’d +gecB tgbde =f(sec’0—1}'-’ Jsec?0-1-sech tgbdb

- _[(r.g=a)= Jtg?0 secB tgbde = ftg‘ﬂtgﬂsecﬂtgﬁdﬂ = ftg‘ﬂsecﬂdﬁ cowe (L)
integraremos la integral ftg‘ﬁgecﬂdﬁ por partes:
ftg‘o secBdb = ftg’ﬂ tgBsecfdb = ftg’ﬁ secO tgfdo

sea: u = tgse0 dv = secBtg0db
du = 5 tg*0sec?0d0 v = sech

Iudv - uv—fvdu
ftg‘ﬁ sec0db = tg®0-sech - |secH-5tg*Bsec?0dd
ftg‘ﬂsecﬁde = tg50 secH —5fsac’0 tgtBsecfdd
ftg‘ﬂ secBdb = tg°Bsech -Sf(tg’O +1)tg‘0secBdb
ftg‘ﬁ sec0d6 = tg58 sech -Sftg‘ﬂ sec0de - sftg‘é sec6d6
Itg‘ﬂ sec8d6 +5ftg‘esecﬁd6 = tg’ﬂsecﬁ—sftg‘ﬂsecﬂdﬂ
Sftg‘ﬂ sec0d0 = tg®0sech -Sftg‘ﬂsocﬂdo
Itg‘ﬁ sec0do = % tg30 secH - —Itg‘ﬂ sec0d® ......... (11)
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1
f dx _f4sec0tgﬂdﬁ . [5ec0d® _ 1 r cos® 9. _1 I cos®0  4g
(x2-16)3 45tg®e 4°tg*e 45 J) gen®0 1024 J gen®6 cosH
cos’0

) cos‘® S - cos'® 1 . | 49 cschdd
1034‘[ ae de fcr_g csc Wl 4 1)

sen‘fsenf 1024 ) gen‘® senb 1024
resolveremos la integral fchg‘ﬁcgcﬂda por partes:

fctg‘o cscBd0 = [ctg30ctgbcecOdb

sea: u = ctg?® dv = cscBctgbdbd
du = 3ctg?0 (-csc?0)de Idv = fcacﬂctgﬁdﬂ
du = -3ctg?0cec?04d0 v = -csch

fudv =uv .-Ivdu

fctg‘ﬂcscede = ctg?@ (- csch) —f(-cercﬂ) (-3ctg?0csc?0adb)
'fctg‘ecscaldﬂ E —cscﬂctg’ﬂ-3fcac‘0c:tg’ﬂ cscBdo

fctg‘ﬂ cscBdO = -cscBcetgib -3[(1 +ctg?0) ctg?Ocscodb
fctg‘a csc0dl = -cschBetg0- 3fctg‘0csc0dﬂ —3fctg‘309¢9d0
fctg‘ecscede +3fctg‘ecscﬂd0 = -cscBcetg30 - 3fctg‘0cscﬁd9
4fct.g‘0c:sc0d0 = -cscOctg?® - 3fctgzescsﬂd0

fctg‘ﬂ cscBdo = - % cscBctg?O - -%fc’tg‘ﬂ Col: oli o | - i —— (1I1)

resolveremos la integral fctgzecgcsde por partes:
fct.g’ﬂcscedﬁ = fctgBctgBcscBdd = fctgo sccOctgbdb

sea: u = ctgh dv = cscBctg0do
du = -csc?0 v = -csch

fudv = uv-fvdu

fctg’ﬂcscﬁdﬂ ctgl(-csch) —f(—cscﬁ) (-csc?0)de

fctg‘ﬂ cecBdB = -cscb cth-fcsc’O cscBdo

fctg’ﬁ cscBd0 = -csch ctgb -f(l +ctg?0) cscBdb

fctg’e csc8d0l = -cscOctgh -fcacﬁ de —fctg’ﬁ csc8dd
fctg’ﬂ csc0dO + fctg’ﬂ csc0dO = -cscOctgl '-Icscﬂ de

2 fctgzﬂ csc0dO = -cscBctgb - 1nlcsch - ctgbl

fctg‘ﬁ cscBdb = - -é— cecBetgh - % InlcscO-ctgbl ..... (II1)

reemplazando (III) en (II)
fct.g‘a cscBdb = - % cscBctg?® - % [ - % cscBcetgh - —;- 1nlcsc® - ctgbl ]

= - % cscOctgit + % cscBetgl + —:- InlcscB® -ctgbl ... (IV)

reemplazando (IV) en (I)

dx -1 _F 3 39, 3 3 e ]
f{x’-ls)a 1024[ Tcscﬂct:g 8+—B—cscﬂct:gﬂ+ 9J.nlcslcﬂ ctgbl ] +c
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reemplazando (II) en (1)

f(x‘-l)-""dx = %tg-"esecﬂ—-:—ftg%secﬁdﬁ o nbhs Tt i s e MEIILY

integraremos la integral ftg‘esecﬁdo por partes:
ftg‘ﬂsecﬁdﬁ = ftg’ﬁ tg0bsecHdb = ftg’ﬂsecﬂ tg0do

sea: u = tg?0 dv = secBtgfdo
du = 3 tg20sec?0db v = gech

fudv = uv—fvdu

- ftg‘o secBdB = tg’0sech - [secH -3 tg?Bsec?0dbd
ftg‘ﬂ sec0d6 = tg30sechd —3fsec’0 tg?0sec6do
ftg‘ﬁ sec0d® = tg30sechd —3fuzg=e +1)tg2?6 secBde
[tg*65ec8d0 = tg*0sect -3 [tg*0secOad -3 [tg*0seco a0
ftg‘ﬁsecﬁda +3ftg‘0 sec0db = tg30sech - 3ftg’0 secBdé
4ftg‘0 sec0do = tg?0sech —3ftg‘0 secBdeo
ftg‘ﬁ sec0dO = -%— tg30 sech - % ft:g"ﬁ sec8d® ....... (IV)

reemplazando (IV) en (III)
I(x' -1)5%2¢dx = -61- tg50 secH - % [% tg*0 secH - % ftg’ﬂsecﬁdﬂ]
acd 5 RogD: 3 5 2
. tg50sech 24 tgi0sech + 5 ftg 0secOdl .... (V)
integraremos la integral ftgzegecode por partes:
ftg‘ﬂ secBdo = ftgo tgl sec6d6 = fthsacOthdB

sea: u = tgb dv = secOtg0do
du = sec?0d0 v = gecH

'fudv = uv-fudv

ftg’ﬂ secBdb = tg0 sech - |secO - sec?0dB
ftg’ﬂ secdb = tgbsech -fsac’ﬂ sec6dob
It.g’ﬂ sec8d0 = tgbsech —f(tg’ﬁ-rl) sec0de

ftg’ﬂ secB8d6 = tgBsech - ftg"e secBdo - [secBdb
Itg’ﬁ sec8do +ftg’0 sec0dO = tg0 secOd -fsece de
2 ftg’ﬁ sec8df = tglsecH - InlsecH + tgbl

ftg’ﬁ secBdo = -—;— tgf secH - % lnlsec® +tgbl .... (VI)

reemplazando (VI) en (V)
[ xt - 2)2 ax

L ¢qs -3 tg? Sk -1
< tg®0 sech 22 tg30sech + : [ 3 tg0 sech 5 InlsecB +tgbl] +c

L egs -2 ta? " & =D
s tg50 secHh = tg?0 sech + T tgﬂaecﬂ — 1nlsecO +tgbl+c ... (VII)

del grafico tenemos

= sech = x

X “l sech = %
x g0 - T
S tg® = yx7-1
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remplazando en (VII)

f(x’-l)”’dx i(;/Ji?’—-_)"'x-i(yfl?"—_)’'x+——6— VyxZ-1- x--i—a-lnlxn/:?-_la-c
—xJ(?’——l)—’~—xJ(_x’-_1)5+——fo’_-—lnlx+‘/f’—_l+c
x(x’—l)’J}?-_l-—x(x’—l)\/_’_l+—xJ:?—_l——*lnlxnﬁ’-_lhc
x\/f’—_[—%(x’-l)’———(x’—l)-r—]--i-s-—lnlx+ml+c
xyxTo1[B4x2-1)7-10(x7-1) +15) ; _ 5 > Inlx+ yx7-1l+c

48
= sx\fx’- 1[8(xt- x"'+1)—10(::’-1)+15]—1—61n|x+\/x’-1|+c
=4_18 x yxZ-1 (8x‘-16x3+8-10x3+10+15)-—i—glnlx+./x’—1|+c
=—1§- x yx7-1 (8x*- 26x3+33)-—1n|x+\fx’-—1|+c
37
sen‘xdx

sen‘xdx = [sen®xsenxdx
integrando por partes:

sea: u = gsen’x dv = senxdx
du = 3 sen?xcosxdx vV = -CO8X

Juar =uv-[vau
fsen‘xdx = sen®x (- cosx) -f— cosx*3 sen?xcosxdx
fsen‘xdx = -gen?xcosx +3 [sen?x cos?x dx
fsan‘xdx = -gen?xcosx +3 [sen?x(1 - sen?x) dx
faen‘xdx = -gen’xcosx +3 [sen?xdx - 3faen‘xdx
faen‘xdx+3fsen‘xdx = -sen’xcoax+3f—-— (1 -cos2x)dx
4fsen‘xdx = -gsen?xcosx + 31'(1 - cos 2x)dx

fsen‘xcbc = —} [-sen?xcosx + -%fdx— %fcoszxdx]

fsen‘xdx = i [-sen’xcoax+%x-%--%sen2x] +C
fsen‘xdx = ——‘ll—sen xcosx+—:-x— 1—36senzx+c
Isan‘xdx = -%een‘xcoax+%x—Tas-'ZSancoaxi-c
faen‘xdx a -%‘—sen‘xcosxd-—:-x— % Senx cosx +c¢
38.
fcos"xdx

cos®xdx = [cos*xcosxdx
integrando por partes:

u = cos'x dv = cosxdx
du = 4 cos®*x (- senx)dx
du = -4 cos’x senxdx V = senx

fud\r= uv—fvdu

fcoa’xdx = cos*xsenx - faenx (-4 cos®*x senx dx)
fcos-"xdx = gsenxcosix +4 fsan‘x cog*xdx
fcos’xdx = genxcos’x +4 f(l - cos?x) cos?xdx

fcossxdx = genxcosfx +4 fcos’xdx—d.fcoa—"xdx
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fcos’xdx+4fcossxdx = genx cos‘x+4fcos3xdx
5fcossxdx = genx cos*x +4fcos’xdx
fcos-"xdx = % senx cos*x + %fcos’xdx ....... (1)

resolveremos la integral fcogaxdx por partes:

fcos’x dx = fcos‘x cosxdx

sea: u = cos?x dv = cosxdx
du = 2 cosx (- senx)dx
du = -2 cosxsenxdx Vv = senx

fud\r = uv-—fvdu

fcos’xdx = cos?x senx -Isenx (-2 cosx senxdx)
fcos’xdx = senxcos?x + zfsen‘x cosxdx
fcoa:"xdx = senx cos?x + 2]’(1 - cos?x) cosx dx
fcoa’xdx = genxcos?x +2 cosxdx—zfcossxdx
fcos:"xd:uzfcos’xdx = senxcoa‘x+2fcosxdx

3 |cos®xdx = senx cos?®x + 2 senx

fcos‘xdx = -%—'— senx cos?x + % T 0, S (I1)
reemplazando (II) en (I)
fcos-"xdx = % genx costx + -% [%' senx cos?x + % senx] +c
=2 x4 4 - PR
5 senx cos*x + G senx cos?x + G senx +cC
g L costx + -& cosix+ -2
senx ( = cosix+ = costx + — ) +c
4 2
= senx ( 3 cos x+145cos X+8) .¢
= —i%senx(:%coa‘x+4cos’x+3) +C

39.

fgen-"x cog?x dx

fsen’xcos’xdx = [sen?xsenxcos?xdx = fsan’xcos’xsenxdx
resolveremos la integral fgenaxcosexsenxdx por partes
sea u = sen?x -~ du = 2senxcosxdx

dv = cos®xsenxdx -~ dv = Jcos?xsenxdx =~ v = [(cosx)?senxdx

hacemos el cambio de variable: z = cosx; diferenciando: dz = -senxdx;
despejando senxdx: -dz = senxdx: entonces:

= 2 (. - = - 2 - —2_3 - ----_1_3
v fz(dz) v fzdz v's= 3 v 3 2

T 3 i x5 i 1. S BN
v 3(cosx) v 3cosx

judv = uv-fvdu

fsen’x cos?xdx = sen?x (- —%— cos3x) -f- % cos®*x -2 senx cosx dx
fsen’x cos?xdx = - % sen?xcos’x + % fsenx cos*xdx

fsen’x cog?xdx = - % sen?x cos’®x + % fsanx cos?x cos?xdx
fsen’x cos?xdx = - % sen?x cos’x + —2— fsenx (1-sen?x)cos?xdx

fsen’x cog?xdx = - % sen?x cos’x + —g- f(senxcoa’x -gen*xcos?x)dx
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fsen’xcos‘xdx = - -%'- sen?xcos’x + —fsenxcos’xdx 2 fsen’xcos‘xdx
fsen’x cos®xdx + % fsen’ cos®xdx = - -%'- sen?xcos®x + —i— fcos’x senx dx
(1+ %)fsen’x cos?xdx = - —%— sen®xcos®x + —g»fcos’x senx dx
S 3 2 e 2 3 2 2
3 fsen xcos?xdx 3 sen“xcos’x + 3 fcos X senxdx

fsen’x cos?xdx = % [- —;T sen?xcos’®x + % cos?x senxdx]

Iaen xcog’xdx = -%sen xcoslx+ = 2

COBAX ponR A’ oii i s wovave o (1)
resolviendo la integral fcog=xgenxdx por sustitucién

cos?x senxdx = f{cosx)’ senxdx
hacemos el cambio: t = cosx; diferenciando: dt = -senxdx;

despejando senxdx: -dt = sen;tdx,- entonces:
2 = fr2 (- e CRREE i o e, ik ok B
fcoa X senx dx It (-dt) ft dt 3 3 t
fcos’xsenxdx- ——;l (cosx)? = --%'—cos3x PINTTRTRIST WUS SRUNI WPRRSEI (1 3 &

reemplazando (II) en (I)

fsen’xcos’xdx = - % sen?x cos®x + % (- -% cos’x) +c
fsen’x cos?xdx = - % sen?x cos®x - —ias- cosix+c
fsen‘x cog?xdx = - —%— cos®x (sen?x + -3—) +C

40.

fsan‘x cos*x dx

Isan‘x cos®xdx = [sen‘xcosixcosxdx = Iaen‘x (cos?x)? cosxdx

sen’x [1 -sen?x]?cosxdx = [ (senx)* [1 - (senx)?]12cosxdx
hacemos el cambio: t = senx; diferenciando: dt = cosxdx; entonces:
fsen‘xco’xd.x ft‘ [1-t2])2dt = ft‘ [1-2t2+t4]dt = ft‘dl: -zft‘dt. +fl:‘dt

s s o 1 2 1

= e e 7., .1 59 2erd @ ea. Tl
*+- 2———? 9+c 5t 7t+9t+c tis 7t+9t]+c
= (genx)? [l -2 (senx)’+—-— (senx)*] +c
> 2 ° j 8 2 3
= 5 i—i 2 ..1_ 4 Q= 5 P SN ... 2 g senz 2 +C
senx[5 ,’senx+9sanx}+ aenx[5 7senx 9( x)2]

= sen’x[% —% (1 -cos?x) +i (1 -cos?x)?] +c

= sen®x [—1- —-3— (1 -cos?x) +— (1 -2cos?x +cos*x) ] +c

= —-3 2 2 l_i il b 4
sen’x [ _’ ?cosx-i-g gcosxi-gcosx]-rc
=senx[(----,-7—+ }+( --%)cm;’x-r%coa‘x]i-c
" 5 4 os? 1 <
sanx[315+63cosx+9cosx]+c
= % sen®x [Ts" - % cos?x + cos*x] +c
41 .
fe"‘cos3xdx
Integrando por partes
sea: u = e?x dv = cos 3xdx
du = 2*-2 +dx Idv = fcos 3xdx
du = 2e*®dx v = %sensx

fudv = vdu-fvdu
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'faz"cos3xdx = g¥x. % sen3x-f% sen3x-2e®*®dx

fa"‘cosaxdx = %e"sean— —-';’-fa“sanm:dx ..... (1)
resolveremos la integral fengen;;xdx por partes
sea: u=egx dv = gen3xdx
du = e®*.-2-dx fdv -fsen3xdx
du = 2e%**dx v-—%cos3x

fudv = vdu—fvdu

fe"seandx = a“{-%cos:ix) -f-%coa 3x-2e?*dx

Ie"sen?-xdx = -%a”‘cosBx+%Ia“cos BRAR v on . (I1)
reemplazando (II) en (I)
Ie”‘cosaxdx = %e”‘aen:ix-—az— [-—%e"cossxw%fe”ccs&lxdxl

fe”'cosaxdx = -%—e”‘san3x+-§- a”‘cosBx—%‘-I&”cos3xdx

fa"cos:’:xdx-r%fehcosaxdx = %e“sen3x+%e“cos3x+c
(1+%} fe”‘cosaxdx = @3x (%sen3x+3coa3x} +C

9

9 P
fe“cos3xdx = —11'503‘(3 sen3x +2 cos 3x) +c
42,
fe“(z sen4x -5cos 4x)dx
fe“tz sendx -5cos4x)dx = afe“sentxchc-sfe“cos BEDK i ivins s (1)

resolviendo la integral fe“gan‘xdx por partes
sea:

u=e* dv = sen4xdx
du = e¥+3-dx fdv=fsen4xdx
du = 3e3®dx v-—%costlx

fudv = u&u'-fvdu
fe”‘senl.xdx = g3 (- -%—cosd.x) -f- %cosdxﬁe“dx
fe”‘sen&xdx = - %a”‘cos 4x + -i-fe“cos AXAX .00 (1I)

resolviendo la integral fehcogudx nuevamente por partes
sea:

u=e¥ dv = cos 4xdx
du = e3*-3-dx fdv=fcosixdx
du = 3e¥**dx v = —i—sennlx

fudv = _u,.(.r-fvdu

fe”‘coatxdx & -}a"-send.x-f% sendx-3e**dx

fa“cosd.xdx = %e"senix-%fe”sen&xdx ivwesia s CTIT)
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43.

fsenSx cos2xdx

Itegrando por partes

sea u = sen3x dv = cos2xdx
du = cos3x+3+dx fdv = fcostdx
du = 3cos3xdx = -;T' sen2x

fudv = uv-fvdu

fsenaxcos2xdx = gen3x* —%—coszx-f% sen2x-°3 cos3xdx
= —-%‘- sen3x cos2x - %faanzx cog3dxdx ..... (I)

resolvermos la integral fgen2x0053xdx por partes

u = cos3x dv = sen2xdx
du = -sen3x-3-+dx fdv = fsenaxdx
du = -3 senidxdx v e --%-cost

fudv = uv—fvdu

fseancostdx = cos3x (-—%coszx) -I{—%cos:x) (-3sen3xdx)

= - % cos3xcos2x - -%fsen3xc052xdx PORETBRI | 1 3
reemplazando (II) en (I)
fsenaxcoszxdx = % sen3xcos2x - % [-%coasxcoszx-%fsenaxcoszxdx]
fsen3x cos2xdx = % sen3xcos2x + % cos3xcos2x + % fsan3xc082xdx

fsen3x cos2xdx - % sen3xcos2xdx = -;— sen3xcos2x + -% cos3ccos2x +C

(1—%)fsen3xc032xdx 2 2sen3xc052x;3cos3xc032x +c

—%fsenchostdx = —:— (2sen3xcos2x +3cos3xcos82x) +¢

fsen:ixcoszxdx = - % (2sen3xcos2x +3 cos3xcos2x) +c
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